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1. Introduction

Various theoretical scattering models have been developed over the years for
characterizing the electromagnetic responses of trees within the context of
microwave remote sensing and foliage-penetrating radar applications.!*> These
research efforts can be loosely categorized into 2 main classes: The first class is
derived from radiative transfer theory, which assumes the tree canopy to be a
uniform layer containing a random distribution of scatterers and relies on the use
of statistical averages for the calculation of extinction, source, and phase matrices
(or coefficients); the second class is based on the so-called discrete scatterer
approach, which is a more deterministic method that seeks to directly account for
individual scattering mechanisms. (Note that a vegetation canopy can also be
treated as a continuous medium with a fluctuating permittivity function; this
approach, however, is most appropriate and tractable for weakly scattering media
in which the fluctuating function is small relative to its mean value.’) While
traditional radiative transfer theory has been applied successfully to a number of
remote sensing scenarios involving complex forest canopy structures,'® this
method does not account for the coherent scattering effects occurring within the
tree structure and therefore cannot be used to compute the phase response of a
scene. On the contrary, the discrete scatterer approach—which first decomposes a
tree structure (trunk, branch complex, and leaves/needles) into simple-shaped
scatterers such as finite-length dielectric cylinders and dielectric disks and then
calculates the collective return by summing the scattered fields from each
scatterer—is a coherent technique that can be employed to deduce the generalized
polarimetric response. The development of the discrete scatterer approach, then, is
dependent upon a thorough understanding of the scattering effects of dielectric
cylinders and disks—preferably through the derivation of closed-form expressions
for their scattering matrices. The subject of interest in this work is the scattering
from a finite-length, dielectric circular cylinder, which is the elementary
component used to model the trunk and branching structure of a tree. (The
leaves/needles of a tree are commonly approximated as disks. At the lower
frequency bands, the effects of the leaves/needles are often assumed to be
negligible; thus, a study of the scattering from disks is not included in the current
work.)

The organization of the work is as follows. In Section 2 a complete derivation of
the scattering matrix of the finite-length, dielectric circular cylinder is presented.
A closed-form, approximate solution is obtained by applying the modal (or eigen-
function) expansion method in conjunction with the volumetric equivalence



principle; the formulation exploits the supposition that the internal fields of the
finite-length cylinder are the same as those of the infinite-length case. The theory
is first developed for a cylinder in free space. Subsequently, the problem of the
cylinder located above a finite-conducting ground is considered in Section 3, in
which a multiray technique is employed to deal with the effects of the half space;
essentially, this approach calculates the total scattering response by coherently
summing the first-order direct response and the single and double ground bounce
contributions. An arbitrarily oriented cylinder is treated by augmenting the
solution with appropriate coordinate transformation matrices. In Section 4,
simulation results are presented to demonstrate the utility of the analytical
solution. Finally, in Section 5, a summary of the overall work is given.

2. Semi-Exact Solution in Free Space

In the current problem, the incident and scattered wave directions (IZi, k) and
their associated polarization vectors (ﬁ,\?) are defined by
k =sin6 cosgX+sin6 singj—cos6i; 1)
k, =sin6, cos X +sin 6, sin g,y +cos 6,7 (2)
. 7xk
= 3)
Zxk;
0i,s = r:]\i,s X lzi,s ; (4)

in which the subscripts i and s identify quantities related to the incident and
scattered waves, respectively; & is the incidence angle in elevation (measured

from -Z); 6, is the scattering angle in elevation (measured from + Z); and ¢ . is

the incidence/scattering angle in azimuth (measured from + X ). Without the loss
of generality, a vertically polarized (TM;) plane wave is taken as the source of
excitation; that is, with time convention of e!* and designating the wave number
in free space as k,, the incident electric field is simply E'(F')=E Ve ™. This
wave is impinging on a dielectric circular cylinder with radius a and relative
dielectric constant ¢. Here, for the initial discussions, the cylinder is centered at
the origin, with its axis aligned with the z-axis. The first step is to derive the fields
inside an infinite-length cylinder—which has an exact modal solution;
subsequently, the scattering response of the finite-length case is deduced by
approximating the cylinder’s internal fields with those of the infinite-length case.



It can be shown that the z-component of the electric field of the incident wave can
be expanded as

[(p.#.2)=E, Z i3, (k,0)e" 5)

with E, =—E singe™", k,; =k, cosd,, and k , =k,sing,. Note that H' =0 for

a TM; wave. It is theorized that the z-components of the scattered and internal
electric and magnetic fields of the infinite-length cylinder can be written in the
following forms:

EH(p.62) =, 2 AHD (K, 0)e"™ )
(p.42)=E, 2 B,J, (k,.p)e" ") (")
H; (p.4,2)=E, iCan)(kp,ip)e"”(“"m: (8)
L (p2)= EZDJ(,”p) e ) 9)

where Kk, =k, \/¢,—cos’d ; and A, B,, C,, andD, are unknowns to be
determined.

Noting that
k2. —k_.
E, |1 |- L0 L H, (10)
W uE Jo'ue p 0¢p Jwe Op
k?, —k. .
Hil‘ ]:. e 11)
s ) jolus p 8¢5 jou op

the ¢-components of the same set of electric and magnetic fields can be
formulated as follows:

E cosH S .n in(d-d) .
Ey(p.9.2) =By g 20 103y (k) (12)



= 7| _—cosh k o
E;(p.4.2)=E, ; {kcLz'”ﬁHﬁz)(kmp)—+ann@ '(kp,ip)}e‘ (6-4),

,Psin“ 6, Joe, sino,
(13)
E%(p 4.7)=E = —C0S 0, B J (k 3 K, D3 '(k n(o-4).
+(p92) Onw[kop(é‘r—coszﬂ)n o3 (K joe,e, —cos? 6, (k,ep) [
(14)
H;(p,gﬁ,Z): o ion Sma z j nJ ( plp)ejn(¢—¢5.); (15)
s =~ | —cosé -4,
H¢(p’¢’z):E°n; [WHC”H'SZ)(kp'ip) jou, S|n6’ Tousing plp)}e‘ ),
(16)
HY (p.d2)=E e —C0s 6, D J (k &k, 8.3 (k (s-4)
¢(42) °nzikop(ercoszt9.)n oo ks00) jou, /e, —cos’ @ (kor)e
(17)

The unknowns A, B,, C , and D, can be found by matching the tangential
electric and magnetic-field components at the cylinder’s surface. It can be shown
that

I B ) PV .
| LI S
B J—n+an
B, ] (kp,ra) (19)
C.=D —J”(k‘”a) ; (20)

. —J "k,nW cos 6, ; 21)
wud, (k,a)R,

where



B 7z(kpvia)2 H? (k,a)

R = > [M,-N, -W?n’cos’ 6 |; (22)
M, =H,(k,a)-J,(k,.a); (23)
N, =H,(k,a)-J,(k,.a); (24)
8 Hn(z)'(k ia)
H, (k .a)= o) (25)
(k..2) k,aH® (k,;a)
N J,'(k,.a)
‘]n k ra :—p'; (26)
(k..2) k,.ad,(k,a)
wet+ 1 (27)

(kpvia)z (kpvra)z

Consequently, the p-component of the electric field inside the cylinder can be
expressed as

g _e &|(_nD, [, cos’f jB,cosg ., in(¢-4)
Ep (p’(p'z)_EonZw“a)grgo ] [1 Er—COSZHi)Jn(kp'rp)-i_mJn (kp.rp) € )

(28)

The fields inside an infinite-length cylinder E®(p,¢,z) are then completely
characterized by Eqgs. 7, 14, and 28.

In view of the volumetric equivalence principle, an approximate solution for the
scattering response E°(r,6,,4,) of a cylinder with length L can be calculated

using the internal fields of the infinite-length problem treated above; that is, in the
far field,



Es(r,é’s, _kajjzj.sz (e, -1 (ﬁsﬁs+\7$\7$)-éd(p',¢',Z')e’-k"lzs'(p'ﬁ“'f')p'd¢'dp'dz'.

-L/20 0

(29)

After substituting Eqgs. 7, 14, and 28 into 29, the integration over the cylinder’s
volume can be facilitated by noting the following relations:

+L/2
_[e oz (costlc0st)eg 71 — Lsinc( koL(cos eé +C0s6, )j ; (30)

-L/2

0 £.S

2z . ) ) o infd— _
,[ Cos¢-elkp,sp RO _md¢l =—2rj" |:J cosg.J, I(kp,spl)—i_ nksm ¢f n (k,o,sp'):|eJ w4) =C,;

2r X . , i . in( 4. —
[ sing el a1 ey _pr je {jsinwn (k) - SE n(kp,sp')}’ )5,

0 P.S

a

(R N hb! NS na' N
EJ‘J {Lja ‘]n (kp,rp )+kp‘rp.‘]n(kp,r:0 )an_[k p.‘]n(kp,rp )_Jb ‘]n (kp,rp )Jcn]p dp

0 p.r

- %I:(b'_ Ja') In+1e]¢S +(b'+ Ja') In_le7j¢s :'ejn(¢s’ﬂ ),
(33)

I .‘]n(kp,rpl)_ jb"]n I(kp,rp')JS_n:|p'dp'

S

P

1§ N nb' N = na
4__([1 {[Ja ‘J prp )+W‘]n(kp,rp )Jcn+(k

D=

(b ) e ~(0+ ja) 1,7 Je s
(34)

3ol 2k, p)p'do = 1, (35)

O ey

where
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In - (kp,ra)za_(kpysa)z (kp,raJn(kp,sa)\]ml(kp,ra)— kp'SaJn(kp,l’a)"]ml(kp'sa)); (36)

k,, =k,sinég,. (37)

After much algebraic manipulation, the scattering matrix elements corresponding
to a vertically polarized excitation wave are shown to be given by

2 - A
S:W(ks,ki)= 5. K, (& 1)|—Sin0£ko|—((3059. +€0s6),)

j $ R, Ry, 4 Koy ],

2 oo
(38)
where p =v, hand
4 jkoln+lej¢S H S o) -
Kl,n :T(ﬁn_Jan)(x_Jy)’ (39)
p,r
I jkoln—le_j(pS H o HOAY
Kop == (B + e ) (R+ 19); (40)
p.r
I_<’3,n = Inynzl (41)
o = JM, siné, cosé; (42)
J,(k,.a)R,
an=nWsm6?i Cosd, . (43)
J,(k,.a)R,

= 3. (k,.a)R,

For a horizontally polarized excitation wave, the derivation for the scattering
matrix elements S (ks,ki) closely follows the one outlined above; it is seen that

they can be obtained from Eq. 38 simply by redefining «,,, £,,and y, as



_ —nWsing, cos® 0, |

a, = ; 45

" J.(k,.a)R, (#9)
JN_sing

=—n—_ 46

Fi J,(k,.a)R, (40)

_ —nWsin @, cos o, ' (47)

= 3, (k,.a)R,

Expressions for S:N(IZS,lzi) and S'ph(lzs,lzi) here match the formulations from

Karam et al.t” (Note that there are typographical errors in Eq. 25 of that journal
article.’)

3. Multiray Solution in the Presence of a Half Space

For the case when the cylinder is located above a finite-conducting ground (with
the air—ground interface at z = 0), a total scattering matrix can be constructed by
summing the direct wave from the cylinder and the ground-reflected waves.
Succinctly, the first 4 main contributions can be written as

S(kk ) =5 (kK e e S0 (K K ) T(K e T
(R 5 (e TR TR

(48)

where  is the location of the center of the cylinder; T, =r0_2(r0.2)2;
ﬁi,g :IZi —2( -2)2;&19 = IZS —2(@2)2; s’ (-,+) is the cylinder response in free

k
space; and ?(IZLS) is the ground-reflection-coefficient matrix

I (k)= , (49)
with rv(lziys) and rh(lziys) as the ordinary horizontally and vertically polarized

ground reflection coefficients, respectively. The first term in Eq. 48 is the direct
wave from the cylinder; the second and third terms correspond to the single



ground bounce returns; and the last term is the double ground bounce
contribution.

Note that if the global coordinate system is aligned with the local coordinate
=l = =l
system used for the definition of S (--) in Section 2, then Sg(-,-)zs ().

Otherwise, for an arbitrarily oriented cylinder, the scattering matrix ?g ()
should be modified as

P A A N TR AR A
S(b’ a)_[A N Al:l's(kl” EIi).!Al N A (50)
h 'VS hs' sg hig "V, hig -hy
in which (V. , ﬁi), (v, ﬁs), and (|Za, Izb) are the original global coordinate
vectors; (v, ﬁig') and (v¢, ﬁf‘) are the polarization vectors in the cylinder’s

local coordinate system written in global coordinates—these correspond to 12;

~ B ~ =Ig ~ ~ =g ~ L.
and k!, respectively. Note that k! =T k_ and k. =T k, . Here, it is assumed that
vector transformations from global to local coordinates (or vice versa) can be

=l =g =lg\'
accomplished with a transformation matrix T ’ (or Tg = (T g) ).

4. Numerical Results

The backscattering cross section of a tilted, finite-length, dielectric circular
cylinder is shown in Figs. 1-3 for the free-space and half-space cases, as
calculated with Egs. 38 and 48. The cylinder has radius a =15 cm and length
L=7.5m and is centered at T, ~(0.49,1.26,3.58), with its axis parallel to the
vector (0.12,0.32,0.94). The cylinder and ground have relative dielectric

constant and conductivity (er, o) of (13.9, 39 mS/m) and (5.45, 20 mS/m),

~ A2
Sy (k0K ) -
The incidence angles here are set as ¢, =40° and ¢ =200°. Because of the

respectively. The backscattering cross section is defined as O, =41

dihedral-like effect, an enhancement in the return is observed for the co-polarized
responses when the cylinder is located above a ground; a similar effect is not
apparent for the cross-polarized responses in this example. Note that reciprocity
dictates S, =-S, in the backscattering direction.’® Although the formulation

given in Section 2 obeys this relation, the multiray approach given in Section 3

vh



does not. In view of this deficiency in the half-space solution, the average cross-
polarized response (that is, (S,, —S,, )/2) is plotted in Fig. 3.

Backscattering Cross Section [dB]

-70
-80
-90 Free Space |
Half Space
-100 L L L L n
200 250 300 350 400 450 500

Frequency [MHz]

Fig.1  Backscattering cross section (as function of frequency) of a tilted, finite-length,
dielectric circular cylinder located in free space and above a half space: w response.
Parameters: a=15cm; L=7.5m; 6 =40°;and ¢ = 200°.

R 1] T o=

i \\ .v’/ ¥ ]
ey

Backscattering Cross Section [dB]

Free Space |
Half Space

-100 L L 1 L
200 250 300 3560 400 450 500

Frequency [MHz]

Fig.2  Backscattering cross section (as function of frequency) of a tilted, finite-length,

dielectric circular cylinder located in free space and above a half space: hh response.
Parameters are the same as those in Fig. 1.
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Fig.3  Backscattering cross section (as function of frequency) of a tilted, finite-length,
dielectric circular cylinder located in free space and above a half space: hv response.
Parameters are the same as those in Fig. 1.

5. Conclusions

The complete derivation of a closed-form formulation for the scattering matrix of
the finite-length, dielectric circular cylinder has been presented. The semi-exact
solution is obtained by approximating the internal fields of the finite-length
cylinder with those of the infinite-length case, which has an exact solution
available through modal analysis. Application of the volumetric equivalence
principle enables the generalized far-field response of the scatterer to be
characterized in an efficient manner. The theory is first developed for a cylinder
in free space; subsequently, the problem of the cylinder located above a flat
dielectric ground is considered with a multiray technique in which the ground
effects are taken into account through the introduction of reflection coefficient
matrices and phase delay terms. The scattering response of an arbitrarily oriented
cylinder is obtained by supplementing the canonical formulation with appropriate
coordinate transformation matrices. The complete solution established above
facilitates the development of the discrete scatterer approach for characterizing
the scattering return from tree structures. An evaluation of the accuracy of the
solution and a determination of its region of validity is the subject of Part Il of this
study.
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